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This supplementary appendix provides some derivations that were omitted from the paper’s appendix.
New displayed math is numbered in the form (A-x). Displays without the preface “A-” refer to numbering
in the paper.

Proof of Proposition 4, Step 1

Here we provide the derivation for

A11(0, p) > A1(0, p) = A2(0, p) = 0, (23)

where

A(µ, p) = 2µ(1− ρ)ρ
∫
s6∈S(B(µ),p)

(s− s(B(µ), p))γ(s;µ)ds+ ρ2

∫
s6∈S(B(µ),p)

(s− s(B(µ), p))2γ(s;µ)ds. (22)

Claim 1. A1(0, p) = 0.

Proof. Differentiate (22) to get

A1 (µ, p) = 2µρ (1− ρ)
∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+2ρ (1− ρ)
∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+ρ2 ∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds. (A-1)

Let us evaluate this expression at µ = 0. The first term is obviously 0. The second term is also 0
because B (0) = 0 and S (0, p) is a measure zero set (there is full disclosure when µ = 0). To see that the
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third term is also 0, observe that

∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

=
∂

∂µ

{∫
s∈R

(s− s̄ (B (µ) , p))2
γ (s;µ) ds−

∫
s∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

}

=
∂

∂µ

{
µ2 + σ2

1 + σ2
0 − 2µs̄ (B (µ) , p) + (s̄ (B (µ) , p))2 −

∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

}
= 2µ− 2s̄ (B (µ) , p) + 2s̄ (B (µ) , p) s̄1 (B (µ) , p)B′ (µ)

+
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

2 (s− s̄ (B (µ) , p)) γ (s;µ) ds

+
(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)(
−2

B (µ)
ρ

)2

γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)
,

which is 0 when µ = 0, because B (0) = 0 and s̄ (0, p) = 0.

Claim 2. A11(0, p) > 0.

Proof. Differentiating (A-1) yields

A11 (µ, p) = 2ρ (1− ρ)
∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+2µρ (1− ρ)
∂2

∂µ2

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+2ρ (1− ρ)
∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+ρ2 ∂
2

∂µ2

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds. (A-2)

Let us evaluate this expression at µ = 0. The second term is obviously 0. For the first and third
terms, we have

∂

∂µ

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

=
∂

∂µ

{∫
s∈R

(s− s̄ (B (µ) , p)) γ (s;µ) ds−
∫
s∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

}

=
∂

∂µ

{
µ− s̄ (B (µ) , p)−

∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s− s̄ (B (µ) , p)) γ (s;µ) ds

}

= 1− s̄1 (B (µ) , p)B′ (µ) +
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

s̄1 (B (µ) , p)B′ (µ) γ (s;µ) ds

+
(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)(
−2

B (µ)
ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)
,
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which is equal to 1 at µ = 0 because s̄1 (0, p) = 0 (Step 3 in proof of Proposition 1).

Finally, for the fourth term in (A-2), we have

∂2

∂µ2

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

=
∂

∂µ


2µ− 2s̄ (B (µ) , p) + 2s̄ (B (µ) , p) s̄1 (B (µ) , p)B′ (µ)

+2
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+
(
s̄1 (B (µ) , p)B′ (µ)− 2B

′(µ)
ρ

)(
−2B(µ)

ρ

)2

γ
(
s̄ (B (µ) , p)− 2B(µ)

ρ ;µ
)


= 2
(

1− s̄1 (B (µ) , p)B′ (µ) +B′ (µ)
(
s̄ (B (µ) , p) s̄11 (B (µ) , p)B′ (µ) + (s̄1 (B (µ) , p))2

B′ (µ)
))

−2
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

s̄1 (B (µ) , p)B′ (µ) γ (s;µ) ds

−2
(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)(
−2

B (µ)
ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)
ds

+
4
ρ2

2B (µ)B′ (µ)
(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)

+
(
−2

B (µ)
ρ

)2
∂

∂µ

{(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)}

,

which is equal to 2 at µ = 0 because B (0) = s̄ (0, p) = s̄1 (0, p) = 0.

Since ρ ∈ (0, 1), it follows that (A-2) is strictly positive, as desired.

Claim 3. A2(0, p) = 0.

Proof. Differentiate (22) to get

A1 (µ, p) = 2µρ (1− ρ)
∂

∂p

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

+ρ2 ∂

∂p

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds. (A-3)

Let us evaluate this at µ = 0. To see that the first term is 0, observe that

∂

∂p

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

=
∂

∂p

{∫
s∈R

(s− s̄ (B (µ) , p)) γ (s;µ) ds−
∫
s∈S(B(µ),p)

(s− s̄ (B (µ) , p)) γ (s;µ) ds

}

=
∂

∂p

{
µ− s̄ (B (µ) , p)−

∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s− s̄ (B (µ) , p)) γ (s;µ) ds

}

= −s̄2 (B (µ) , p)−
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(−s̄2 (B (µ) , p)) γ (s;µ) ds

+ (s̄2 (B (µ) , p))
(
−2

B (µ)
ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)
,
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which is equal to −s̄2 (0, p) when µ = 0 because B (0) = s̄ (0, p) = 0; and in turn, s̄2 (0, p) = 0 since
s̄ (0, p) = 0 for all p.

To see that the second term in (A-3) is 0 at µ = 0, observe that

∂

∂p

∫
s/∈S(B(µ),p)

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

=
∂

∂p

{
µ2 + σ2

1 + σ2
0 − 2µs̄ (B (µ) , p) + (s̄ (B (µ) , p))2 −

∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s− s̄ (B (µ) , p))2
γ (s;µ) ds

}
= 2µs̄2 (B (µ) , p) + 2 (s̄ (B (µ) , p)) s̄2 (B (µ) , p)

−
∫ s̄(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

2 (s− s̄ (B (µ) , p)) (−s̄2 (B (µ) , p)) γ (s;µ) ds

+ (s̄2 (B (µ) , p))
(
−2

B (µ)
ρ

)2

γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

;µ
)
,

which is 0 at µ = 0, because B (0) = s̄ (B (0) , p) = 0.

Proof of Proposition 4, Step 2

Here we verify that

v1 (0, p) = v2 (0, p) = v11 (0, p) = w1 (0, p) = w2 (0, p) = w11 (0, p) = 0, (25)

where we had defined

w(µ, p) := −σ̃2 −
∫ s(B(µ),p)

s(B(µ),p)

(a∅(B(µ), p)− sρ)2
γ(s; 0)ds,

and
v(µ, p) := −σ̃2 −

∫ ∞
−∞

(a∅(B(µ), p)− sρ)2
γ(s; 0)ds.

First, since a∅(B(µ), p) = ρs̄ (B (µ) , p),

v1 (µ, p) = −
∫ ∞
−∞

2 (ρs̄ (B (µ) , p)− sρ) ρs̄1 (B (µ) , p)B′ (µ) γ(s; 0)ds, (A-4)

v2 (µ, p) = −
∫ ∞
−∞

2 (ρs̄ (B (µ) , p)− sρ) ρs̄2 (B (µ) , p) γ(s; 0)ds.

Since B (0) = s̄1 (0, p) = s̄2 (0, p) = 0, it follows that v1 (0, p) = v2 (0, p) = 0.
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Second, noting also that s(B(µ), p) = s̄ (B (µ) , p)− 2B(µ)
ρ ,

w1 (µ, p) = −
∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

2 (ρs̄ (B (µ) , p)− ρs) ρs̄1 (B (µ) , p)B′ (µ) γ(s; 0)ds

+
(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)
ρ

)(
−2

B (µ)
ρ

)2

γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

; 0
)
, (A-5)

w2 (µ, p) = −
∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

2 (ρs̄ (B (µ) , p)− ρs) ρs̄2 (B (µ) , p) γ(s; 0)ds

+s̄2 (B (µ) , p)
(
−2

B (µ)
ρ

)2

γ

(
s̄ (B (µ) , p)− 2

B (µ)
ρ

; 0
)
.

Since B (0) = s̄1 (0, p) = s̄2 (0, p) = 0, it follows that w1 (0, p) = w2 (0, p) = 0.

Third, differentiating (A-4) yields

v11 (µ, p) = −2ρ2 (1− ρ)
∂

∂µ

∫ ∞
−∞

(s̄ (B (µ) , p)− s) s̄1 (B (µ) , p) γ(s; 0)ds

∝ −s̄11 (B (µ) , p)

∫ ∞
−∞

(s̄ (B (µ) , p)− s) γ(s; 0)ds− (1− ρ)

∫ ∞
−∞

(s̄1 (B (µ) , p))2 γ(s; 0)ds, (A-6)

where the second line has ignored the factor 2ρ2 (1− ρ). Let us evaluate (A-6) at µ = 0: since B (0) =
s̄ (0, p) = 0, the first integral term is

∫∞
−∞ sγ(s; 0)ds = 0, while the second integral term is also 0 since

s̄1 (0, p) = 0. Therefore, v11 (0, p) = 0.

Fourth, differentiating (A-5) yields

w11 (µ, p) = −2ρ2 (1− ρ) s̄11 (B (µ) , p)

∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s̄ (B (µ) , p)− s) γ(s; 0)ds

−2ρ2 (1− ρ)2

∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s̄1 (B (µ) , p))2 γ(s; 0)ds

+
∂

∂µ

[(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)

ρ

)(
−2

B (µ)

ρ

)2

γ

(
s̄ (B (µ) , p)− 2

B (µ)

ρ
; 0

)]

= −2ρ2 (1− ρ) s̄11 (B (µ) , p)

∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s̄ (B (µ) , p)− s) γ(s; 0)ds

−2ρ2 (1− ρ)2

∫ s(B(µ),p)

s̄(B(µ),p)−2
B(µ)
ρ

(s̄1 (B (µ) , p))2 γ(s; 0)ds

+
4

ρ2
2B (µ)B′ (µ)

(
s̄1 (B (µ) , p)B′ (µ)− 2

B′ (µ)

ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)

ρ
; 0

)
+

(
−2B (µ)

ρ

)2
∂

∂µ

[(
s̄1 (B (µ) , p)B′ (µ)− 2B′ (µ)

ρ

)
γ

(
s̄ (B (µ) , p)− 2

B (µ)

ρ
; 0

)]
(A-7)

Let us evaluate (A-7) at µ = 0. Since B (0) = s(0, p) = 0, the first two terms have integrals over
measure zero sets, hence are 0. Moreover, B (0) = 0 implies that the second two terms are also 0.
Therefore, w11 (0, p) = 0.

5



Proof of Proposition 8

Here we show that g′(0) = 0 while g′′(0) = p′′(0)(σ2
0 − σ̃2)(λ− (f ′(0))2), where

g (µ) := λ
(
−p(µ)σ̃2 − (1− p(µ))σ2

0)
)
− c(p(µ) + (p(µ)− p(f(µ)))(σ2

0 − σ̃2 + µ2 − (B(µ))2).

Taking the first derivative yields

g′ (µ) = λ
(
σ2

0 − σ̃2
)
p′ (µ)− c′ (p (µ)) p′ (µ) +

(
σ2

0 − σ̃2
)

[p′ (µ)− p′ (f (µ)) f ′ (µ)]

+ (p′ (µ)− p′ (f (µ)) f ′ (µ))
(
µ2 −B (µ)2

)
+ (p(µ)− p(f(µ))) 2 (µ−B (µ) (1− ρ)) ,

and because p′ (0) = 0 = f (0), we have g′ (0) = 0.

Taking the second derivative yields

g′′ (µ) = λ
(
σ2

0 − σ̃2
)
p′′ (µ)− p′′ (µ) c′ (p (µ))− c′′ (p (µ)) (p′ (µ))2

+
(
σ2

0 − σ̃2
) [
p′′ (µ)− p′′ (f (µ)) (f ′ (µ))2 − p′ (f (µ)) f ′′ (µ)

]
+
[
p′′ (µ)− p′′ (f (µ)) (f ′ (µ))2 − p′ (f (µ)) f ′′ (µ)

] (
µ2 − (B (µ))2

)
+ (p′ (µ)− p′ (f (µ)) f ′ (µ)) 2 (µ−B (µ) (1− ρ)) + [p′ (µ)− p′ (f (µ)) f ′ (µ)] 2 (µ−B (µ) (1− ρ))

+ (p(µ)− p(f(µ))) 2
(

1− (1− ρ)2
)
.

Evaluating at µ = 0, and using the facts that p′ (0) = 0 = f (0), we get

g′′ (0) = λ
(
σ2

0 − σ̃2
)
p′′ (0)− p′′ (0) c′ (p (0)) +

(
σ2

0 − σ̃2
) [
p′′ (0)− p′′ (0) (f ′ (0))2

]
,

and now using the fact that c′ (p (0)) = σ2
0 − σ̃2 (by the first-order condition for optimality of p (0)), we

further simplify to

g′′ (0) = λ
(
σ2

0 − σ̃2
)
p′′ (0)− p′′ (0)

(
σ2

0 − σ̃2
)

+
(
σ2

0 − σ̃2
)
p′′ (0)−

(
σ2

0 − σ̃2
)
p′′ (0) (f ′ (0))2

= p′′ (0)
(
σ2

0 − σ̃2
) (
λ− (f ′ (0))2

)
.
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